Abstract
Introduction
The interaction of organisms with their environment is a central theme in biology. At the cellular States and weights for the simple repression motif. RNAP (light blue) and a repressor compete for binding to the DNA. There are R A repressors in the active state (red) and R I repressors in the inactive state (purple). The difference in energy between a repressor bound to the operator and to another non-specific site on the DNA equals ∆ε RA in the active state and ∆ε RI in the inactive state; the P RNAP have a corresponding energy difference ∆ε P . N N S represents the number of non-specific binding sites where RNAP and repressor can also bind.
probability p bound that the RNAP is bound to its specific binding site, which is given by fold-change ≡ p bound (R > 0) p bound (R = 0) .
We can simplify this expression using two well-justified approximations: (1) 
where in the last step we have introduced the fraction p A (c) of repressors in the active state given A repressor has an active conformation (red, left column) and inactive conformation (purple, right column), with the energy difference between these two states given by ∆ε AI . The inducer (blue circle) at concentration c is capable of binding to the repressor with dissociation constants K A in the active state and K I in the inactive state. The eight states for a dimer with n = 2 inducer binding sites are shown.
We compute the probability p A (c) that a repressor with n inducer binding sites will be active using 
NNS
The number of non-specific binding sites for the repressor in the genome
The inverse product of the Boltzmann constant kB and the temperature T of the system weights of all possible states, namely,
where K A and K I represent the dissociation constant between the inducer and repressor in the active and 117 inactive states, respectively, and ∆ε AI = ε I − ε A denotes the free energy difference between a repressor 118 in the active and inactive state. The specific case of a repressor dimer with n = 2 inducer binding sites 119 is shown in Fig. 2 . This assumes that the repressor is comprised of two allosterically independent dimers 120 (see Appendix A for an alternate analysis which assumes the repressor is an allosteric tetramer fold-change = 
153
Our experimental pipeline for determining fold-change using flow cytometry is shown in Fig. 3 . Briefly, 
161
Determination of the in vivo MWC Parameters
162
The three parameters that we tune experimentally are shown in Fig. 4A seventeen strains with no further fitting. These predictions are plotted in Fig. 4 for the different operators.
172

Comparison of Experimental Measurements with Theoretical Predictions
173
We tested the predictions shown in Fig. 4 by measuring the fold-change induction profiles for a broad synthetic Oid operator which exhibits stronger repression than the O1, O2, and O3 operators. We note 182 that there is some subtlety regarding measurements of fold-change for systems that exhibit such high 183 repression, but our theory is consistent to within 1 k B T to the binding energy previously reported (see
184
Appendix F for more details).
185
One of the remarkable features of the predicted curves in Fig. 4 is that strains vary significantly in 
and the maximum fold change which is observed in the presence of saturating ligand,
Eq. (6) describes the fold-change in gene expression when the system is maximally repressed. The 5)) for other repressor copy numbers. Error bars of experimental data show the standard error of the mean (eight or more replicates) and shaded regions denote the 95% credible region. Where the credible region is not visible, this indicates that the interval is in fact narrower than the line itself. To display the measured fold-change in the absence of inducer, we alter the scaling of the x-axis between 0 and 10 −7 M to linear rather than logarithmic, as indicated by a dashed line.
To show how this model can be used to predict system behavior, we examine variations in system predicts a much narrower range in leakiness given by ≈ 0.05 for R = 22 and ≈ 0.001 for R = 1740.
205
We can similarly explore the fold-change at saturating inducer concentrations (c → ∞). In this limit, 
217
We define the 95% credible region as the interval that contains 95% of the probability density of 218 the fold-change predictions given our inferred parameter probability distributions (see Methods). An We note that rather than using data from the strain with R = 260 repressors and an O2 operator,
225
we could have used any of the strains to estimate K A and K I , and we consider all such possibilities in
226
Appendix I. We also performed a global fit using the data from all eighteen strains for the following 
where F (c) is the free energy of the system [12, 19, 20] , which is given by
The first term in parenthesis denotes the contribution from the inducer concentration, the second the induction (see Appendix G).
271
We tested our model in the context of a lac-based simple repression system. We first determined the 
287
One of the demanding criteria of our approach is that a single small set of parameters must self 288 consistently describe data from a very broad collection of regulatory situations and experimental methods.
289
Specifically, we require self-consistency between a very diverse collection of data sets taken using distinct . Finally, these parameters are expected to hold for the entire range of inducer conditions 296 described here. We are unaware of any comparable study that demands one predictive framework cover 297 such a broad array of regulatory situations.
298
Despite the diversity observed in the induction profiles of each of our strains, our data are unified by 299 their reliance on fundamental biophysical parameters. In particular, we have shown that our model for 300 fold-change can be rewritten in terms of the free energy difference, which encompasses all of the physical 301 parameters of the system. When our fold-change data are plotted against the respective free energies for 302 each construct, they collapse cleanly onto a single curve (see Fig. 6 we expect that the kind of rigorous quantitative description of the allosteric phenomenon provided here Bacterial Strains and DNA Constructs
323
All strains used in these experiments were derived from E. coli K12 MG1655 with the lac operon removed,
324
adapted from those created and described in [6, 8] . Briefly, the operator variants and YFP reporter gene 325 were cloned into a pZS25 background which contains a lacUV5 promoter that drives expression as is 326 shown in Fig. 1 . These constructs carried a kanamycin resistance gene and were integrated into the galK 
335
It is important to note that the rest of the lac operon (lacZYA) was never expressed. The LacY 336 protein is a transmembrane protein which actively transports lactose as well as IPTG into the cell.
337
As LacY was never produced in our strains, we assume that the extracellular and intracellular IPTG
338
concentration was approximately equal due to diffusion across the membrane into the cell as is suggested 339 by previous work [42] .
340
To make this theory applicable to transcription factors with any number of DNA binding domains,
341
we used a different definition for repressor copy number than has been used previously. We define the used to perform this analysis, as discussed in the code documentation.
351
A subset of strains in these experiments were measured using fluorescence microscopy for validation cytometry experiments were performed using these strains. small molecules within the cell. To correct for this background, we computed the fold change as
where I R>0 is the average cell YFP intensity in the presence of repressor, I R=0 is the average cell
406
YFP intensity in the absence of repressor, and I auto is the average cell autofluorescence intensity, as 407 measured from cells that lack the lac-YFP construct.
probability distribution of the value of each parameter given the data D, which by Bayes' theorem is
412
given by
where D is all the data composed of independent variables (repressor copy number R, repressor-DNA fold-change
where (i) represents the departure from the deterministic theoretical prediction for the i th data point. If
422
we assume that these (i) errors are normally distributed with mean zero and standard deviation σ, the 423 likelihood of the data given the parameters is of the form
where fold-change
exp is the experimental fold-change and fold-change( · · · ) is the theoretical prediction.
425
The product n i=1 captures the assumption that the n data points are independent. Note that the 
These priors are maximally uninformative meaning that they imply no prior knowledge of the parameter 436 values. We defined thek A andk A ranges uniform on the range of −7 to 7, although we note that this 437 particular choice does not affect the outcome provided the chosen range is sufficiently wide.
438
Putting all these terms together we can now sample from P (k A ,k I , σ | D) using Markov chain Monte
439
Carlo (see GitHub repository) to compute the most likely parameter as well as the error bars (given by 440 the 95% credible region) for K A and K I .
441
Data Curation
442
All of the data used in this work as well as all relevant code can be found at this dedicated website. The authors have declared that no competing interests exist. 
